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Abstract
Multi-manipulators based mobile manipulation is an important capability to
extend the domain of robotic applications. The novel feature endowed by the combination
of mobility with manipulation is crucial for a number of applications, ranging from
material handling task to planetary exploration. The benefits include increased workspace,
reconfigurability, improved disturbance rejection capabilities and robustness to failure.
The challenges, however, arise from the compatibility of various holonomic and
nonholonomic constraints and kinematic and dynamic redundancy. Moreover,
cooperative manipulation would lead to significant dynamic coupling and requires
delicate motion coordination. Failure to consider these effects can cause excessive
internal forces and high energy consumption, and even destabilize the system.
To deal with these entailed issues, we present a decentralized dynamic control
algorithm for a robot collective consisting of multiple nonholonomic wheeled mobile
manipulators capable of cooperatively transporting a common payload. The
nonholonomic wheeled mobile manipulator consists of a fully-actuated manipulator arm
mounted on a disk-wheeled mobile base. In this algorithm, the high level controller deals
with motion/force control of the payload, at the same time distributes the motion/force
task into individual agents by grasp description matrix. In each individual agent, the low
level controller decomposes the system dynamics into decoupled task space (end-effector
motions/forces) and a dynamically-consistent null-space (internal motions/forces)
component. The agent level control algorithm facilitates the prioritized operational task
accomplishment with the end-effector impedance-mode controller and secondary
null-space control. The scalability and modularity is guaranteed upon the decentralized

XI

control architecture.
Within the dynamic redundancy resolution framework, a decentralized
coordination and formation control with collision avoidance capability is further studied
for mobile manipulator collectives.
A variety of numerical simulations are performed for multiple mobile manipulator
system carrying a payload (with/without uncertainty) to validate this approach. The
simulations test the capability of internal force regulation by cooperative manipulators.
The end-effector and mobile base to tracking capability is also verified in the simulations.
Multiple mobile manipulator collision avoidance is also studied in simulation.

XII

1 Introduction
Object transport and manipulation is perhaps the most important robotic task in
the history of robotics. The electrical and mechanical engineers, by taking advantage of
the reverse engineering, have been trying to learn from the nature. Two decades ago,
biologists observed that coordinated motion of animal groups is an interesting and
suggestive phenomenon in nature. A swarm of bees usually collaboratively waggle dance
to communicate for a new flower bush source. Fish schools maneuver and glide
ingeniously to maximize the overall impetus by delicate formation. Revealing the
benefits and mechanism of these behaviors has been one of the constant research interests
of biologists and sociologists are deliberately emulating the collective behavior of nature
in the design of multiple mobile agents. On the other hand, the hardware devolvement
with the advent of inexpensive, embedded microprocessors has technically enabled the
implementation of these behaviors in real world. Self-contained and computationally low
cost intelligent robot agents are coming out of laboratories to real world applications.

1.1 Motivation and Application
In the daily life, human beings usually take advantage of two hands to manipulate
objects, since single hand manipulation is sometimes incapable or not dexterous enough
for some tasks. While for much heavier objects or complex tasks, accumulation of
individual capability is desirable and crucial for task implementation. By this analogy, we
can see the benefits introduced by cooperation. A couple of different reasons account for
deploying multi-robot systems, however, one of the main motivations is that multi-robot
systems can be used to enhance the system effectiveness. By the constraints of robot
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actuation capability, cooperative robots are able to accomplish many tasks that are far
beyond of individual robot capability.

Ideally, to manipulate any large, heavy payload,

we can incorporate as many as smaller, lighter robot modules so as to fulfill the task. This
modular and flexible structure allows for “divide and conquer” approach to take care of
heavy and complex tasks.
The cooperative robot is also advantageous from the perspective of redundancy
and robustness. Using a team of multiple robots would enhance system robustness with
respect to the single point failure in the sense that we can reconfigure the team and
reassign a new task to each agent. Redundancy is frequently used in the systems that
require high fault tolerance and high successful rate, like mars exploration.
Cooperative robotics first comes into the modern engineering researchers’ mind in
the late 1980s with a special focus on multiple manipulators and multiple mobile robots.
The spectrum of engineering perspective of multi-robot system study is considerably
broad and deep. Interested readers can refer to [1, 2] and reference therein for a detailed
description of research areas in multi-robot systems. Here, we briefly review some
pertained principal research topics.

Figure 1: Principal research topics in multi-robot systems [2]
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Communication: Communication is of paramount importance for the successful
fulfillment of multi-robot systems and it has been extensively studied ever since the
debut of multi-robot research.

Information exchange across the system affects the

interactions among subsystems, and it is possible to categorize the communication
schemes as: centralized and decentralized as shown in Figure 2. In the centralized
implementation, a central controller makes use of all agent states to command the
control signal, while in the decentralized case, each robot module is equipped with
individual controller which can only access its own states and the control signal is
generated locally.

(a)
(b)
Figure 2 : Controller archtecture: (a) Centralized control, (b) Decentralized control


Object transport and manipulation: Manipulation is perhaps the most important task of
robotic system, so the extension of this in multi-robot systems naturally has been one
of the important goals in cooperative robots. There are many pertained issues to be
considered in this process like synchronization of the subsystems, control of the
applied forces and motion planning. Detailed issues would be reviewed in the
subsequent section.



Motion coordination: At this level, the system could be composed of a homogenous or
heterogeneous se of robots of certain characteristics. Research themes in this domain
that have been particularly well studied include multi-robot path planning, traffic
3

control, formation generation, and formation keeping [2]. Most of these issues are
now fairly well understood, although demonstration of these techniques in physical
multi-robot teams (rather than in simulation) has been limited.
The promise of collaborative robotic system has been fulfilled in support of
missions pertaining to national defense, homeland security, and environmental
monitoring. Examples of such cooperation includes mobile robot collectives in Figure 3
(a),

manned fleet of marine vessels in Figure 3 (b), manned flight aircrafts in Figure 3

(c) and multiple grounded and aerial vehicles in future battlefield as seen in Figure 3 (d).
It is necessary to note that some of the ideas and control approaches introduced in this
thesis within a robotic paradigm can be applied to these more general multiple robotic
systems, like multiple vehicles.

(a)

(b)

(c)

(d)

Figure 3: Engineeing examples of cooperation: (a) EPuck robots, (b) Fleet of marine
surface vessels.(c) Italian acrobatic
air force unit. (d) Multi vehicles in future battlefield
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1.2 Related Works
The analogy between manned/unmanned aerial vehicles and a swarm of bees or a
school of fish is perhaps the original biological inspiration for robotics engineers. Natural
behavior also provides some envisioning guidance for robotics paradigm of behavior
based control that can be described by the relationship between the three primitives of
robotics: sense, plan, and act. The first engineering work is motivated by application in
the simulation of computer graphics. In 1986, Reynolds [3] made a computer model for
coordinating animal motion as bird flocks or fish schools. This pioneering work inspired
significant efforts in the study of group behaviors.

(a)

(b)

(c)

Figure 4: Three primitive behavior of Boids [3]
Reynolds observed that with the basic flocking model consists of three simple
steering behaviors separation, alignment and cohesion, these behaviors could describe
how an individual boid maneuvers based on the positions and velocities its nearby
flockmates. Figure 4 illustrates the three basic behaviors separation, alignment and
cohesion. The individual boid has access to its flockmates within a certain small
neighborhood around itself. With these simple behavior and limited perception, a fleet of
these simulated “aircrafts” can maneuver and avoid obstacles as shown in Figure 5.
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Figure 5: Group behavior of Boids [3]
With this inspiration of computer graphics, researchers take advantage of “reverse
engineering” to observe and study the group behavior in nature like the one shown in
Figure 6 (a) where a school of fish glides in the sea to decrease power consumption. Fish
schools maneuver intelligently to minimize group energy consumption by delicate
formation. A group of ants collaboratively make payload transport to achieve the task that
is impossible for individual ant. Similar to the origin of computer graphics simulation for
multiple agents, the graphics rendering for bee swarms are still an interesting and
important work in film industry. More intuitively, the coordination of human group
evacuation in emergent condition is posed to be an imperative problem in optimization
arena. Emergency evacuation of people group is also getting more and more research
attention from the perspective of optimization, like door arrangement, optimal route, and
group allocation. Some of the scenarios mentioned above can be visually seen in Figure
6.
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(a)

(b)

Figure 6: Group behavior in nature and human society
Even though the origin of multi robot comes from the computer graphics simulation
and the inspiration of group behavior in nature, we can also trace the similarity and share
a lot of common interests in the traditional robotic systems.

(a)

(b)

Figure 7: Multi-fingered robot and multiple legged robot
Multi-finger robotics has been one of the most popular research arenas in robotic
community. Multiple articulated robotic fingers can hold a common payload with shared
payload distribution. In this sense, the dynamics of payload system or to say the grasp
system in multi-finger robots is exactly the same as in the multiple payload transport
system, and most of the research issues in grasp problem, like grasp feasibility, force
closure and grasp force optimization would appear in the multiple mobile manipulation
scenarios. Imagine that each finger is a fixed based (they all have the common basis)
robotic manipulator, the way to control this system in a centralized or decentralized
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manner is a question to be addressed from the computational perspective.
Another related research area that has been well studied is the multi legged systems.
If each leg can be dissembled from the chassis, it can be considered as a mobile
manipulator with nonholonomic and holonomic constraints on the wheel. The difference
with the multiple mobile manipulator system is that the individual leg is fixed on the
common payload, i.e. the chassis, so it can be considered as a special version of the
mobile manipulator system. From this token, we can conclude that multiple mobile
manipulator system is a more complex, higher mobility system that includes various
issues like kinematic constraints (nonholonomic and holonomic), grasp distribution and
motion planning.

(a)

(b)

Figure 8: Mobile robot soccer team and Sony AIBO robot soccer team
Because of these difficulties mentioned above, and most of computer scientists cast
research effort on this, it is necessary to note that the inchoate research mainly covers the
multiple agent motion coordination and multiple agent communication, particularly in the
robot soccer team. For example, as show in Figure 8, the researchers from Carnegie
Mellon University and Georgia Institute of Technology first developed 3 vs. 3 agents’
robot soccer team in a field of 2m × 3m without communication and then a new
generation of 4 vs. 4 agents’ robot soccer team in a field of 5m × 9m with full autonomy.
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This research shed light on the communication and coordination issue of multiple mobile
manipulator systems.
With all the developed theory and technology, the mobile manipulator system has
debut in the laboratory and then later come to the battle field and daily life. The PackBot
EOD, developed by iRobot Corporation, can be rapidly deployed as mobile bomb
disposal. The weight of this kind of robot is less than 24 kilograms fully loaded, and can
be hand carried and deployed by a single operator. This mobile manipulator, shown in
Figure 9 (a) has been widely used in Iraq battle field. Researchers from University of
Massachusetts Amherst constructed a mobile manipulator hardware platform with
redundant kinematic degrees of freedom, a comprehensive sensor suite, and significant
end-effector capabilities for manipulation. UMan, the UMass Mobile Manipulator can be
seen in Figure 9 (b).

(a)

(b)

(c)

(d)
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Figure 9: Some mobile manipulator prototypes
The uBot-4, shown in Figure 9 (c), is a two-wheeled dynamically stable bimanual
mobile manipulator. It was designed to combine manipulation and mobility into a small
and cost effective, yet very capable platform. It has been used to study a number of
different robotic manipulation tasks including pushing, pulling, digging, grasping, single
robot transport, and cooperative transport (using multiple copies of the platform).
MIT Media Lab is developing a team of 4 small mobile humanoid robots basing on
the UMass mobile base. The purpose of this platform is to support research and education
goals in human-robot interaction, teaming, and social learning. We can make the analogy
between human and mobile manipulator, in the sense that human feet can be considered
as mobile base and human arm can be considered as mounted manipulator, and human
can be modeled as redundant spatial mobile manipulator to some degree. So it is not
amazing to see that some researchers of mobile manipulators are also focusing on the
study of humanoid robot.

(a)

(b)

Figure 10: Cooperative mobile manipulators
In parallel with the development of mobile manipulators, some researchers have
begun to take advantage of the cooperative manipulation ability of mobile manipulators.
As seen in Figure 10, a group of research scientists at Stanford University leading by
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Oussama Khatib have built up spatial wheeled mobile manipulator (for short, we will
note this as WMM) with holonomic motion base. The end-effector of these developed
WMMs has compliant motion capability to work with human in a safety guaranteed
environment. NASA is also a pioneer in WMM development, and two WMMs SRR and
SRR2K acting as the Robot Work Crew can cooperatively transport an extended beam
(2.5 meters long) in a sandy soil terrain with an average slope of 9-degrees. The
cooperative WMMs in this thesis are substantially different from the prior work and
would be detailed below.

1.3 Problem Statement and Our System
Cooperation is one of the key desirable characteristics of next generation robotic
systems. Though much research effort is devoted to this area, less attention is paid to
physically interconnected robotic systems which have many applications that make it of
particular interest for study. Object transport and manipulation by cooperative multi-robot
systems, like multiple planetary rovers [4] and human-supervised multiple mobile robots
[5], is proved to be an effective way to handle complex and heavy payloads in unknown
and dynamic environments.
The goal of our research is to propose a motion/force control law for payload
transport by multiple nonholonomic wheeled mobile manipulators. A decentralized
structure is preferable for scalability and implementation. In the very practical scenario, it
is desirable for the mobile agents to be imposed with avoidance collision capability.
For our system, we consider multiple wheeled mobile robots operating cooperatively
on a common payload. The robots we consider consist of a two-wheel differentially
driven mobile base with a two revolute manipulator mounted on top of the base. Figure
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11 depicts two of these robots operating on a common payload.

(a)

(b)

Figure 11: Wheeled mobile manipulator collective with payload: (a) Top view, (b) Side
view.

1.4 Literature Survey
1.4.1 Cooperative Articulated Mechanical Systems
Deploying multiple robots to cooperatively manipulate common payload creates
redundancy, the resolution of which has posed longstanding yet vital challenge to the
robotics community. Examples of cooperative multi-robot systems, ranging from multiple
mobile robots [1], multi-fingered hands [6], and multi-legged vehicles [7] have been
extensively studied in a variety of contexts. Early literature in this field addressed
redundancy resolution in cooperating system from a centralized perspective, i.e., all the
measurements and control signals are generated from a central point.
Under the assumption of perfect knowledge of the system parameters and rigid
grasping of the payload, some control approaches have been proposed. Rigid grasping
means that there is no relative motion between the payload and the manipulator
end-effectors. Arimoto et al. considered the leader-follower scheme in [8] , where one
manipulator acts as a leader controlling the motion of the payload, and other manipulators
act like a followers. The followers’ position is controlled by the motion of the leader in
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terms of a virtual spring like mechanism to provide certain compliance. Khatib [9]
studied the dynamic properties of redundant manipulators and proposed the augmented
object model for multi-arm cooperation. By considering the parameter uncertainty in the
grasp system, dynamic parameters estimation by least square method is studied in [10]
with an adaptive control law for the motion/force control.
In a later stage, researchers realized the vulnerability of centralized controller which
limits the performance when robot numbers increase. The decentralized version of
leader-follower algorithm is proposed in [11]. Motion/force control of two robots
handling a common payload is implemented therein, and one of the robots is designated
as leader with position control while the other robot is guided as a follower with desired
impedance control. The general multiple manipulation case in [12]

presented the

concept of virtual leader, where each individual follower would perceive the rest of the
system as a virtual leader. Later, Liu and Arimoto [13] addressed the adaptive control
problem of multiple redundant manipulators cooperatively handling an object in a
decentralized manner while optimizing a performance index. Szewczyk et al. [14]
presented a distributed impedance approach for multiple robot system control which is
scalable with increased robot modules. More recently, the nominal exponential stability
of collaborative load transport by multiple robots is proved by Montemayor and Wen
[15].

1.4.2 Cooperative System of Mobile Manipulators
Interest has grown in mobile manipulation to achieve cooperative payload
manipulation since the workspace is significantly increased. Again, while the early work
mainly focused on a centralized way, such as Desai et al. [16] studied optimal motion
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planning for nonholonomic cooperating mobile manipulators grasping and transporting
objects and Tanner et al. [17] presented a motion planning methodology for articulated,
nonholonomic robots with guaranteed collision avoidance. But decentralized approaches
appear to show the greater potential for scalability since a centralized architecture is not
capable of handling increased number of modules. Hirata et al. [18, 19] presented the
extension of their previous 2D case work in [20]. The load is manipulated without
accurately knowing the geometric relationship among the robots when using a virtual 3-D
caster in a leader-follower coordination scheme. This algorithm is basically a
coordination method and controls the position of the followers, and the internal force
regulation is not considered therein. While early efforts deal with holonomic mobile
bases [21, 22], the attention to nonholonomic chained form system permits the ability to
deploy on real world vehicles. In forming such composite systems, it is important to first
ensure capability of various kinematic constraints, both at individual module and system
level. Bhatt et al. [23] established a systematic framework for formulation and evaluation
of system-level performance on the basis of the individual-module characteristics and
affiliated kinematic constraints. A kinematically compatible framework for cooperative
payload transport by nonholonomic mobile manipulators is proposed by Abou-Samah et
al. [24]. Having satisfied kinematic capability, there exits the potential to further optimize
the performances by taking into account of dynamic consideration, such as interaction
forces on actuation level. To facilitate the maintenance of holonomic and nonholonomic
constraints within the system, dynamic controller could achieve better physical
performance and improvement in the actuation input profiles.
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1.5 Research Issues
While some researchers have attempted to investigate some kinds of mobile
manipulation schemes, in this thesis we will specifically focus on the use of
nonholonomic wheeled mobile manipulators for cooperative payload transport in a
decentralized manner, in addition to this, one pertinent problem is formation control and
obstacle avoidance for multi-agent nonholonomic systems. On this basis, this thesis can
be separated into two parts. In the first part, we will look at how to achieve decentralized
dynamic motion/force control of NH-WMM cooperative manipulation, while the second
part would consider the incorporation of formation control within obstacle avoidance
framework for multiple nonholonomic mobile robot motion planning. Three principal
research questions may be posed and the intimate coupling between these two parts is
illustrated in the posing of these questions.

Research Question 1: What kind of control structure is more suitable for use in
multi-robotic systems?

As noted at the beginning of this section, a decentralized control structure is
usually superior to its centralized counterpart. But how to “divide” the how
complex system into “pieces” and control them individually is not a trivial task.

Research Question 2: How to resolve the various kinematic constraints
(holonomic and nonholonomic) and deal with them in the control algorithm? How to
resolve the multiple levels of redundancies in the modular level which manifests as
dynamic actuation redundancy and in the system level which manifests as grasp force
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regulation?

The entailed research challenges with respect to this question come from two
aspects. First, the disk-like wheeled mobile bases are subjected to nonholonomic
constraints, and it is well identified by Brockett [25] that nonholonomic systems
as a class of systems that cannot be stabilized via smooth time-invariant state
feedback law. This implies that motion planning and control of such systems
deserves more special treatment. Secondly, the increased workspaces, mobility
and manipulability could be obtained in the cost of considerable redundancy
which needs to be suitably resolved in a dynamic level. With this system structure,
it is worthy to note that three levels of redundancy come into it. First, when given
a starting point and destination point, the nonholonomic motion planning should
be used to solve the indeterminacy. In addition, for individual agent, the mobile
manipulator is kinematically redundant in the sense that the surplus of articulated
degrees of freedoms than the required tasks, and also dynamically redundant
because of the surplus of actuation than the control outputs. The end-effector
motion could be decomposed into displacements of the joints of the manipulator
and rotations of the wheels of the mobile base. Finally, the payload transport is a
planar version of grasp problem, the force distribution and internal force control
should be well resolved in an optimized fashion. After designing a suitable
motion/force controller for the collective, the third research issue immediately
becomes obvious:
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Figure 12: Wheeled mobile manipulator collective with payload makes an ideal paralel parking manuver

Research Question 3: Which kind of formation control algorithm would be in
accordance with the previous developed decentralized motion/force control law? How to
incorporate obstacle avoidance within all of these control frameworks?

As observed in question 2, for nonholonomic motion planning, even if this
trajectory is a priori specified, it may have to be modified to avoid obstacles as
shown in Figure 12. On a higher level, we notice that the formation control is of a
paramount significance for many engineering and military task. A resolution of
these pertinent problems is indispensable for a diverse array of applications.

All the above mentioned challenges can be seen in Figure 13 where a hierarchical
structure of control problems is illustrated.
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Figure 13: Difficulties of payload transport with NH-WMM

1.6 Thesis Organization
The remainder of this thesis is organized as follows:
Chapter 2 provides an overview of a variety of preliminary knowledge on modeling
and control of constrained mechanical systems. Some detailed background theory
includes operational space dynamics and control, constrained Lagrange dynamics.
Since the focus of this thesis is on force control of manipulators, we will introduce
and categorize some popular force control schemes developed since three decades ago in
Chapter 3. We will also highlight the benefits and limitations of some approaches and
show some empirical and visionary perspective basing on the existing experiment results
and some related literature.
Chapter 4 focuses on the modeling and control of WMMs. We begin by investigating
the kinematic and dynamic model of WMR since it’s a sub-system of WMM and many
similar problems of WMMs would be encountered therein, like nonholonomic motion
planning, kinematic and dynamic motion control of nonholonomic systems. Then the
similar analysis would be performed in the WMM system with a focus on task space
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consistent dynamic control method. As a main body of this thesis, the multiple grasp
modeling would be investigated therein and the decentralized control of WMM
collectives would be presented in this chapter.
To further the theoretical study of WMM control, the formation control of a group of
WMMs would be presented in Chapter 5. The mobile robot formation problem is
investigated first for a basic study, and this problem is split into trajectory tracking and
static obstacle avoidance, formation control and cooperative obstacle avoidance. All of
these results are generalized to mobile manipulator cases.
Chapter 6 presents simulation results for various interesting cases studies using the
dynamic equation formulated in Chapter 3. In particular, the first two case studies were
performed for the dynamic payload transport scenario. The subsequent two cases were
targeted at mobile manipulator collective formation control.
Chapter 7 introduces the experimental setup and verification procedure. This chapter
presented a detailed hardware and software setup basing on the ATI force/torque sensor,
xPC Target and PC/104 platform. A force sensor calibration and manipulator torque
calibration method is proposed therein.
Chapter 8 summarizes the contributions in this work, and concludes with providing
suggestions for future research.
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2 Background
2.1 The Operational Space Dynamics Formulation
2.1.1 Manipulator Dynamics with Environment Interaction
Before analyzing the dynamic behavior of multiple manipulators, it is necessary to
examine the dynamics of individual module with n degree of freedoms. The dynamics of
an open chain manipulator can be described in the joint space as
M (q )qɺɺ + C (q , qɺ ) + G (q ) = τ

[2.1]

where q ∈ ℝn is the full set of generalized coordinates, M (q ) ∈ ℝn×n is the inertia
matrix expressed in terms of the extended coordinate set, C (q , qɺ ) ∈ ℝn denotes the
Coriolis, centrifugal forces, and G (q ) ∈ ℝn denotes the gravity force. τ ∈ ℝ n is the
generalized control torque.
The forward kinemics of the manipulator with respect to the end-effector position
and orientation, is given by
x = φ(q )

[2.2]

Differentiating the above equation, we can get the mapping between joint space
velocity and end-effector velocity by
xɺ = J (q )qɺ

[2.3]

where J (q ) is the manipulator’s Jacobian matrix.
When the manipulator end-effector is in contact with the environment, the
constrained dynamic equation of motion would become

M (q )qɺɺ + C (q , qɺ ) + G (q ) + J T (q )Fc = τ
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[2.4]

where Fc is the contact forces at the end-effector.
For redundant manipulators that not in static equilibrium, the mapping from the task
space forces to the joint space forces is surjective. The null space joint torque would not
affect the resulting forces at the end-effector, and the relationship between task space
forces and joint space forces is characterized by

τ = J T (q )F + (I − J T (q )J T # (q ))τ0

[2.5]

where I is the n × n identity matrix, J # is the generalized inverse of J , and τ 0 is an
arbitrary generalized joint torques which is projected to the null space of J T # .
To establish the operational space dynamics, we first use the relationship between
task space acceleration and joint space acceleration xɺɺ = J (q )qɺɺ + Jɺ(q )qɺ , which is
obtained by differentiating xɺ = J (q )qɺ . Then we multiply the first equation by the matrix

J (q )M (q )−1 and use the acceleration relationship

xɺɺ + (J (q )M −1(q )C (q , qɺ ) − Jɺ(q )qɺ ) + J (q )M −1(q )G (q ) + J (q )M −1(q )J T (q )Fc =
(J (q )M −1(q )J T (q ))F + J (q )M −1(q )(I − J T (q )J T # (q ))τ0

[2.6]
The inverse of the matrix that multiplies F is defined as the task space inertia
matrix H (q ) = (J (q )M −1(q )J T (q ))−1 . To make the task space acceleration is not affected
by τ 0 , we can set the term involving τ 0 zero, and this results to

J (q )M −1(q )(I − J T (q )J T # (q ))τ 0 = 0
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[2.7]

The joint space inertia weighted generalized inverse of J (q ) , defined
by J (q ) = M −1(q )J T (q )(J (q )M −1(q )J T (q ))−1 , and is the unique dynamically consistent
generalized inverse which guarantees the above equation holds.
With this dynamically consistent generalized inverse, it can be shown that the
dynamics of the end-effector can be obtained by projecting the joint space dynamics into
an operational space specified as the end-effector space. This yield
H (q )xɺɺ + B(q , qɺ ) + P (q ) + Fc = F

[2.8]

where B(q , qɺ ) = J T (q )C (q , qɺ ) − H (q )Jɺ(q )qɺ and P (q ) = J T (q )G (q ) .

2.1.2 Task/Null Space Decoupled Control
Any manipulator dynamic equation described in joint space, like Equation[2.9], can
always be transformed into the operational space, and motion control can be implemented
thereafter basing on the task/null space decoupling. The generalized torque/force
relationship provides the decomposition of the total control torque in Equation [2.10] into
two parts of dynamically decoupled control torque: the one corresponding to the task
behavior and the one that only affects the configuration space behaviors [25, 26]:

τ = τtask + τconfig

[2.11]

Or the above equation can be explicitly written as

τ = J T (q )F + N T τ0

[2.12]

where N T = (I − J T (q )J T (q )) .
The dynamically consistent inverse is a generalized inverse that when task space
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d.o.f is smaller than the configuration space d.o.f., i.e. an underconstrained case.

The

dynamically consistent inverse is weighted by the joint space inertia matrix. It is
important to note that the task space force and the null space force are “orthogonal”,
which means that the null space torque would not generated motion in the task space. To
see this point, we calculate (from now on, we would not show the parameter dependence
in the parenthesis for simplicity reason)
(J T F )T (N T τ 0 ) = F T J (I − J T J T )τ 0

[2.13]

Using the symmetry of I − J T J T , Eqn [2.13] can be rewritten as
(J T F )T (N T τ0 ) = F T J (I − JJ )τ 0

[2.14]

Noting that J (I − JJ ) = 0 , Eqn [2.14] would show the “orthogonality” between task
space force and the null space force.
The task space control force, can be selected to provide a decoupled control
structure by choosing
ɶ * + Bɶ + Pɶ + Fɶ
F = Hf
c

where the symbol ɶ* denotes the estimation of the quantities. Khatib proposed a
generalized selection matrix as presented in [26]. The force selection matrix is denoted
as Ωf to get the force controlled direction signal, whereas Ωm is used to denote the
motion control direction. The sub-control force is designed as

f * = Ωm fm* + Ωf ff*

[2.15]

With appropriate selection matrix, the resulting dynamics would become
xɺɺm = fm*

[2.16]

xɺɺf = ff*

[2.17]
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The motion control input fm* can be designed in terms of the linear system pole
placement method, while the force control input ff* is usually designed based on the
relation between motion and contact forces. The overall control framework is shown in
Figure 14.
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Vd

x
Null Space Control

N

T

Figure 14: Operational space motion/force control architecture( modified from [26, 27])

2.2 Constrained Lagrange Dynamics
2.2.1 Multiplier Form
De Sapio et al. [28] presented an operational space control approach for the general
class of holonomically constrained multibody system. For a more general holonomic
constrained mechanical system, the set of m constraint equations can be written as
φ=0

[2.18]

The configuration space is constrained on a c = n − m dimensional manifoldQ c .
By taking the gradient of the constraint function, we get the constraint matrix
A=

∂φ
∂q

The constrained dynamic equation can be modified in terms of [2.4] as
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[2.19]

Mqɺɺ + C + G = τ + τc

[2.20]

where τc is the generalized constrained forces.
ℝ(AT )

ℕ(A)

Figure 15: Visualization of constrained space [28]
Since the constraints do no virtual work under virtual displacement that is consistent
with the constraint equations, we have τc ⊥ δq for all δq ∈ ℕ(A) . The symbol ℕ(A)
represents the tangent space of the constraint manifold Q c at some point in the
configuration spaceQ ∈ ℝ n . The generalized constraint forces τc are orthogonal to the
constraint consistent variations δq . This geometric relation is visualized in Figure 15.
With these derivations, it is easy to see that
τc ∈ ℕ(A)⊥ = ℝ(AT )

[2.21]

So the generalized constraint force can be represented as a linear combination of the
columns of AT , i.e. τc = AT λ , where λ is an unknown Lagrangian multiplier. Then the
dynamic equation of constrained mechanical system can be expressed in the multiplier
form as

Mqɺɺ + C + G = τ + AT λ
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[2.22]

2.2.2 Solution of the Constrained Dynamics Problem
To solve the forward dynamics which is usually used in robotic dynamic simulation,
we can assume the Lagrangian multipliers are known, thus the acceleration can be written
as

qɺɺ = M −1(τ + AT λ − C − G )

[2.23]

By differentiating the constraint equation twice, we can get
ɺ + Aqɺɺ = 0
Aq

[2.24]

Thus it is easy to find the explicit form of the Lagrangian multipliers as
ɺ ɺ + AM −1(C + G − τ ))
λ = (AM −1AT )−1 (−Aq

[2.25]

Following the notation in [29], we can rewrite Equation [2.25] as
ɶ ɺ ɺ + M −1P (τ − C − G ))
λ = −AAq
u

[2.26]

ɶ = M −1AT (AM −1AT )−1 and P = I − AT (AM −1AT )−1 AM −1 . The first term
where A
u
ɶ ɺ ɺ . The projection matrix P
represents the accelerations due to constraint forces −AAq
u

projects the generalized forces to those that do work on the system, or to say, the forces in
the unconstrained directions. Thus, the joint accelerations come from the contribution of
ɶ ɺ ɺ and M −1P (τ − C − G )) which are in the constrained and unconstrained
−AAq
u

directions respectively.

2.2.3 Energy Minimization Perspective of Dynamic Consistent Matrix
In the first part of this section, we show the derivation dynamically consistent
generalized inverse in the operational space control framework, it is interesting to
perceive this mathematical relation from an emery minimization perspective. Recall that
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the operational space velocity and joint space velocity is related by the Jacobian matrix as
xɺ = Jqɺ

[2.27]

We would try to find out a solution of Equation [2.27] which minimizes the kinetic
energy of the system
T =

1 T
qɺ Mqɺ
2

[2.28]

The solution of this constrained optimization problem can be found straightforwardly
as

qɺ = M −1J T (JM −1J T )−1 xɺ

[2.29]

Noting that the dynamically consistent matrix is given by
J = M −1J T (JM −1J T )−1

[2.30]

We have that qɺ = Jxɺ yields the kinetic energy minimizing the solution of [2.27].
By the same token, we notice that the acceleration relation of operational space
and joint space are related by
ɺɺ
Jqɺɺ = xɺɺ − Jq

[2.31]

We would like to find the solution which minimize the acceleration energy, defined
as the joint space inertia mass matrix weighted quadratic form
E=

1 T
qɺɺ Mqɺɺ
2

[2.32]

This solution is obtained as
ɺ ɺ)
qɺɺ = M −1J T (JM −1J T )−1 (xɺɺ − Jq

[2.33]

ɺ ɺ ) that the acceleration energy minimizing
It is just in the form of qɺɺ = J (xɺɺ − Jq

solution of Equation[2.31].
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3 Force Control of Manipulators
Motion control is imperative for a variety of robotic tasks, but for the
accomplishment of more complex robot tasks, motion/force control is more desirable. For
example, one of the most import tasks of mobile robots is localization and mapping, and
belongs to the motion control category. But for mobile manipulator systems, the
capability of manipulation becomes more crucial with the combination of mounted
manipulator and mobile base. With some appropriate control algorithm, it is possible to
decouple the manipulator subsystem apart from the mobile manipulator system, and with
some further modification, it is possible to apply the force control algorithms of general
serial chain manipulators to this new subsystem. To this end, we would take a look at a
diverse array of force control approaches developed since 1980s.
When interaction occurs, the dynamic coupling between the end-effector and the
environment are becoming important. In a motion and force control scenario, interaction
affects the controlled variable, introducing error upon which the controller must act. Even
though it is usually possible to get a reasonably accurate dynamic model of the
manipulator, the main difficulty comes from the dynamic coupling with the environment,
while the later is usually impossible to model or the model is time-varying. A stable
manipulator system could usually destabilized by the environment coupling.
A number of control approaches of robot interaction have been developed in the last
three decades. The robot compliant motion control can be categorized as the one that
performing indirect force control and direct force control. The distinguished difference of
these two approaches is that the former achieve force control via motion control without
explicit force feedback loop, and the later, instead, can regulate the contact force to a
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desired value because of the explicit force feedback loop.

x

Fcontrol

Fenviroment
Mass

Figure 16: One d.o.f impedance control
To show the challenge force control, we can see a simple example as shown in Figure
18. One rigid mass object is placed on a horizontal friction plane, and the equation of
motion of the system is
mxɺɺ + bxɺ = Fcontrol + Fenviroment

[3.1]

A proportional integral motion controller is applied as
Fcontrol = K p (xd − x ) +

Ki
(xd − x )
s

[3.2]

If there is no environmental interaction, that is Fenviroment = 0 , the closed loop system
would be
K ps + K i
x
=
3
xd
ms + bs 2 + K ps + K i

[3.3]

In terms of the Routh-Hurwitz stability criterion, a condition for the motion control
system is
Ki <

bK p
m

[3.4]

But when the robot is in interaction with the enrivoment, or simply coupled to a mass
menviroment , this condition would become as
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Ki <

bK p

[3.5]

m + menviroment

When the coupled mass is large enough, this condition would not be satisfied,
especially when the environment is a varying system, which is usually not possible for a
constant coefficient controller. So a stable isolated controller does not necessarily work in
contact, even it is just a simple inertia environment.

3.1 Impedance Control
The indirect force control includes compliance (or stiffness) control and impedance
control [30] with the regulation of the relation between position and force (related to the
notion of impedance or admittance). The manipulator under impedance control is
described by an equivalent mass-spring-damper system with the contact force as input.
With the availability of force sensor, the force signal can be used in the control law to
achieve linear and decoupled impedance.

xd

Impedance
Control

Inverse
Dynamics

fc
Robot +Environment

q

Direct Kinematics

Figure 17: Impedance control diagram
One simple illustrative example (Mark Spong) of impedance control can be seen in a
one d.o.f system as shown in Figure 18. One rigid mass object is placed on a horizontal
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frictionless plane, and the equation of motion of the system is
Mxɺɺ = Fcontrol + Fenviroment

[3.6]

When the control input is zero, the system is a pure inertia with mass M . If the force
control is chosen as Fcontrol = mFenviroment , the closed loop system is then
M
Mxɺɺ = (m + 1)Fenviroment ⇒
xɺɺ = Fenviroment
[3.7]
(m + 1)
Hence the object now appears to the environment as a modified inertia with
M
mass
. Thus the force feedback has the effect of changing the apparent inertia of
(m + 1)
the system.

x
Fcontrol

Fenviroment
Mass

Figure 18: One d.o.f impedance control
Impedance control aims at the realization of a suitable relation between the forces and
motion at the point of interaction between the robot and the environment. This relation is
posed as impedance, i.e. describes the velocity as a result of imposed force. The actual
motion and force is then a result of the imposed impedance, reference signals and the
environment admittance (which is the opposite of impedance, i.e. describes the force as a
result of imposed velocity). It is found that impedance control is superior over explicit
force control methods (including hybrid control) in its stability characteristics and
generality, however at the price of accurate force tracking which is better achieved by
explicit force control. It is also shown that some particular formulations of hybrid control
appear as special cases of impedance control, and hence the impedance control method is
selected for further investigation.
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As mentioned previously, impedance control is based on the recognition of a two way
coupling between manipulator and environment. This coupling may lead to an exchange
of energy between the manipulator and the environment, which has to be managed
properly. In the following a derivation of the impedance control law will be given, and an
attempt to unify impedance control and hybrid control will be given. This will clearly
illustrate that impedance control just as well allows a conceptual separation of
constrained and unconstrained directions, but within one single control law, and without
the stability problems of hybrid control.
The derivation of the standard impedance control law is relatively straightforward, as
it is based on the rigid body equations of the robot

Mqɺɺ + C + G + J T Fc = τ

[3.8]

The goal of impedance control is to transform the robot dynamics by appropriate
selection of the actuator torque τ , into desired impedance, relating the tip movement to
the external forces.
Mxɺɺ + Bxɺ + Kx = Fe

[3.9]

where x is the end-effector coordinates in a suitable coordinate frame (usually in
Cartesian coordinates). The matrices M , B and K are respectively the target mass,
damping and spring stiffness, which are chosen by the user. Because of simplicity the
target matrices are usually chosen to be constant and diagonal, but the choice is not
limited to this.
Recall the task space and joint space mapping
x =φ

[3.10]

xɺ = Jqɺ

[3.11]
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ɺɺ
xɺɺ = Jqɺɺ + Jq

[3.12]

In principle the two equations [3.8] and [3.9] have only one unknown: the actuator
torque τ , which means that one variable, can be eliminated.
The control law that achieve the target impedance is
τ = C + G + J T Fc +
ɺ ɺ − BJqɺ − Kx )
MJ −1M −1(Fc − MJq

[3.13]

The first line of Equation [3.13] eliminates the existing rigid body dynamics, while
the second line inserts the target impedance.

3.2 Hybrid Motion/Force Control
If a detailed model of the environment is available, like the geometry, a widely
adopted strategy is the hybrid motion/force control, which is aimed at explicit position
control in the unconstrained task direction and force control in the constrained task
direction. Usually, a selection matrix is used to filter the direction of position or force that
to be controlled.

Figure 19: A generic structure of hybrid force control [31]
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Figure 19 illustrates the generic structure for most of the existing hybrid motion/force
control schemes, which are further roughly divided into four categories as shown in [31]:
joint space servoing without inverse dynamics, operational space servoing without
inverse dynamics, operational space servoing with inverse dynamics and constraint space
servoing with inverse dynamics.
. In [32], Raibert and Craig presented the theory, simulation and experiments of
hybrid position force control, and the control diagram can be seen in Figure 20. The most
important characteristic of all hybrid control methods is the complete separation of the
tasks space into two orthogonal subspaces. The constraint surfaces can be quite complex,
such as in case of turning a crank or inserting a screw, or simple as in case of motion
along a plane surface.
The geometric constraint can be expressed by a compliance selection matrix S, which
is generally a diagonal matrix with zeros and ones on the diagonal. A one corresponds to
a position controlled direction, a zero to a force controlled direction. The combination of
position control and force control is then simply an addition of the two controller parts.

xd
S

Position
Control

x
Robot +Environment

Fd

I-S

Fc

Force
Control

Figure 20: Original structure of hybrid force control

τ = τp + τ f

35

[3.14]

where τ p and τ f are suitable control torques for position and force control respectively.
In the original formulation by Raibert and Craig, the position control law was chosen to
be a PID type controller:
τ p = K ppeq + K pi ∫ eqdt + K pdeɺq

[3.15]

While the force control law was chosen as a saturation type PI controller:
τ f = τ ff + K fp τe + K fi ∫ τe' dt

[3.16]

The definition of the variables follows from Figure 20. It is well known that in case of
revolute joints this scheme may suffer from kinematic instability as recognized by An and
Hollerbach [33]. A well known disadvantage of this method is the possibility of the
possibility of kinematic instability, and several remedies have been proposed. Due to the
separation into a position controlled loop and force controlled loop the same control laws
as in case of respectively pure position control and explicit force control method can be
applied.
Another formulation of hybrid position-force control is the operational space
formulation by Khatib as showed in Chapter 2. Now that hybrid motion/force control has
been presented, the explicit control of force should be considered.

xɺɺf = ff*

[3.17]

The main difficulty of the force control is because of the explicit force control loop. A
significant amount of literature is targeted at resolving this problem, but it is still not fully
addressed. Many proposed explicit force controllers are modified versions of the PID
control law. The most commonly applied method is damped proportional force control
with force feed-forward:
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ff* = Fd + K f (Fd − F ) − K v xɺ

[3.18]

which is also applied in a similar fashion in the operational space formulation as
presented above. Another popular approach is damped integral force control:
ff* = K fi ∫ (Fd − F )dt − K v xɺ

[3.19]

Finally, an often proposed method is PD or lead control:

ff* = Fd + (K fp + K fd

sa
)(Fd − F )
s +a

[3.20]

where s is the Laplacian operator. Experiments and theoretical analyses have shown
that all of the above methods may suffer from inadequate performance or even instability,
such that it is important to consider this problem.
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4 Dynamics and Control of Mobile Manipulator
Collectives
4.1 Mobile Robot Kinematics and Dynamics
4.1.1 Mobile Robot Kinematics
Wheeled mobile robot (WMR) can be categorized into two basic types as holonomic
and nonholonomic mechanical systems in terms of the kinematic constraints.
Holonomic constraints on the configuration-space of the system can be expressed in
terms of algebraic equations which can be written in the form of:
Φ(q ) = 0

[4.1]

where q is the vector of generalized coordinates that describes the configuration of the
system. Nonholonomic constraint is the one that cannot be expressed with purely
configuration variables in the form of
Φ(q , qɺ ) = 0

[4.2]

Mechanical systems that contain nonholonomic constraints can be reformulated in the
Pfaffian form:
A (q ) qɺ = 0

[4.3]

where A is the constraint matrix and is a function of only q . For example a rolling
wheel possesses a holonomic constraint in the rolling direction and a non-holonomic
constraint perpendicular to this.
Specifically, no motion velocity restriction is imposed on holonomic WMR, and
holonomic WMR possesses maximal number of degree of freedoms (as in the planar, it is
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3). A diverse variety of mechanisms are employed as universal wheels, omni-directional
wheels, orthogonal or ball wheels to implement a holonomic motion. The distinct feature
of holonomic WMR is that it permits easier motion planning comparing with their
nonholonomic counterparts. Figure 21 shows a powered caster version of holonomic
WMR.

Figure 21: A holonomic mobile robot prototype [34]

Nonholonomic WMRs possess less than 3 degree of freedoms (d.o.f). They are simpler
in construction and thus cheaper with less controllable axes and ensure the necessary
mobility in plane. Over the millennia, the “wheeled platform design” with multiple sets
of disc wheels attached to a common chassis has stayed popular for many reasons. Most
importantly, the disk-wheel based design allows for sturdy and robust design
implementation. While the mobility, steerability, and controllability of the overall
wheeled system depend largely upon the type, nature and locations of the attached wheels,
this is a reasonably well understood. See [35, 36] for a survey of some of the different
design configurations possible for wheeled bases, for operation on planar terrain.
In this section, we develop the kinematic model and the terminology for the WMR and
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the WMM that will be used in subsequent dynamic analysis.
WMR alone and its nonholonomic constraints.

First, we consider the

Then we consider the addition of the

manipulator and develop all necessary kinematic relationships.

Finally, we assemble the

constraint matrix, the nullspace matrix, and construct a Jacobian matrix which relates the
task-space to the joint space.
The WMR in our research is composed of three distinct rigid bodies: mobile base, left
and right wheels. A body fixed frame {M } attached at the center of mass of the WMR
determines the pose with respect to the fixed ground frame {F } . The mobile base is
actuated by two independently driven wheels of radii r located at an equal distance b
on either side of the midline. The wheel axes are collinear and are located at a
perpendicular distance d ≥ 0 from the center of mass. The instantaneous WMR
configuration can be fully described by the extended set of generalized coordinates:

q a = xc yc φ θR θL 



θl
τ1

{M }

φ

b

La

d

YF

b

θr
{F }

XF

Figure 22: Nonholonomic mobile robot kinematics

40

where (xc , yc ) is the Cartesian coordinates of the center of mass, and φ is the
orientation of the WMR, θR and θL are the angular positions of the left and right
wheels, respectively. For later reference, we note here that the first revolute joint is
located at the look-ahead point which is located at a perpendicular distance La .
At the velocity level, the kinematics of the mobile robot can be simply expressed as:

xɺ = v cos φ
yɺ = v sin φ

[4.4]

φɺ = ω
where (x , y ) is the Cartesian position of the center of the axle of the robot, φ is the
orientation of the robot, v and ω are the linear and angular velocities of the robot. In a
kinematic control scheme, the linear and angular velocities are used as the input to the
system. With the kinematic relation of the mobile platform, the mapping from the wheel
angular velocity to the mobile base linear and angular velocities is
r
v   2
 =
 ω   r

 2b

r 
 θɺ 
2   R
r  
−   θɺL 
2b 

[4.5]

Similarly, we can find the reverse relation of the two vectors as:
1 b 
θɺ  
 v
R
  r
r   
=
  

 θɺL   1 − b   ω 
  
r 
r

[4.6]

The system is subjected to 3 nonholonomic constraints. The first constraint of the
mobile base comes from the nonholonomic behavior of the wheels and restricts the
velocity of the WMR in the lateral directions to be zero as
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−xɺc sin φ + yɺc cos φ − φɺd = 0

[4.7]

The other two constraints, relating the base velocities and the wheel velocities, ensure
the no-slip condition at each rolling wheel in the forward directions.

xɺc cos φ + yɺc sin φ + bφɺ = r θɺR

[4.8]

xɺc cos φ + yɺc sin φ − bφɺ = r θɺL

[4.9]

The set of m (=3) constraints can be written in Pfaffian form as:
 −S
 φ

Aa (qa )qɺa = 0 and Aa (qa ) = −C φ

−C φ


0 0

−b r 0

b 0 r 


−d

Cφ
−Sφ
−Sφ

[4.10]

where S φ = sin φ and C φ = cos φ . By taking the independent joint velocities
of zɺa = θɺR


θɺL  , the corresponding null-space matrix that annihilates the constraint

T

matrix can be determined as:
c (bC − dS ) c (bC + dS )
φ
φ
φ
φ 



c (bS φ + dC φ ) c (bS φ − dC φ )



qɺa = Sa zɺa and Sa = 
c
−c




1
0






0
1



where c =

r
. We define a look-ahead point Pa
2b

[4.11]

with Cartesian coordinates

of xa = (xa , ya ) , and

x a = xc + LaC φ
ya = yc + La S φ
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[4.12]

where La is the distance from the center of mass to Pa . The corresponding Jacobian
that relates independent joint velocities to velocity of the look-ahead point can be
determined as:
1 0 −La sin φ 0 0

xɺa = J a Sa zɺa = Φ zɺa and J a = 

0
1
L
cos
φ
0
0
a



[4.13]

where Ld = d + La . J a relates the base velocities xɺa to the generalized base velocities

qɺa .

4.1.2 Mobile Robot Dynamics
The dynamics of a mechanical system can be modeled using a variety of different
techniques.

For this thesis we will use the energy-based Lagrange method because of its

simplicity, as outlined by Angeles [37]. Like other energy-based methods, the Lagrange
method only considers external forces acting on the system and neglects all internal
forces.

Therefore, the resulting equations of motion are greatly simplified and internal

forces are already factored out.
The energy-based Lagrange method is based on the principle of virtual work.

By

accounting for all sources of power entering the system, present in the system, and
leaving the system, the equations of motion can be found.

Because joint forces internal

to the system have no accompanying displacements, they do no work and are therefore
not included in the final equations of motion.

Angeles [37] has outlined the following

systematic method for finding the unconstrained equations of motion.
1.

Introduce a set of generalized coordinates q = [q1,...., qn ]

T

of change qɺ = [qɺ1,...., qɺn ] , defining the state of the system.
T
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and their time rates

2.

Evaluate T = T (q, qɺ) , the kinetic energy of the whole system, as the sum of the

individual kinetic-energy expressions.
3.

Evaluate V = V (q ) , the potential energy of the whole system, as the sum of the

individual expression, for every element storing potential energy.
4.

Evaluate L ≡ T −V , the Lagrangian of the whole system: L = L(q, qɺ) .

5.

Evaluate Π = Π(q, qɺ) , the power supplied to the system from external sources

(Π ≥ 0) . Evaluate its partial derivative ∂Π / ∂qɺ .
6.

Evaluate ∆ = ∆(q, qɺ) , the sum of the dissipation functions of all dissipative elements of

the system (∆ ≥ 0) , as well as its partial derivative ∂∆ / ∂qɺ .
7.

Write the governing equation using the foregoing partial derivatives:

d  ∂L  ∂L
∂Π
∂∆
  −
=
−
dt  ∂qɺ 
∂q
∂qɺ
∂qɺ

The resulting equations of motion can then be put in the following matrix form:

M (q )qɺɺ + V (q, qɺ) = E τ

[4.14]

where M is the mass matrix and contains the inertia terms, τ is the input vector, E
maps the input, τ , to joint-space, and V contains all other position and velocity terms.
Constraints can then be added very easily to the unconstrained dynamics to further
describe the behavior of the system. These could include any combination of holonomic
or nonholonomic constraints.

We also note that constraints are the only way to

incorporate nonholonomic behavior into the equations of motion. In either case, the
constraints will be incorporated on the velocity level in the following standard form:
A (q ) qɺ = 0

[4.15]

The constraint forces can then be added to the unconstrained equation of motion[4.14],
by
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M (q )qɺɺ + V (q, qɺ) = E τ − AT λ

[4.16]

where λ is the constraint force and AT maps the constraint force to joint-space.
Specifically, with the help of the null-space matrix, the constrained dynamics of the
WMR can be determined as:
M a (qa ) qɺa + ca (qa , qɺa ) = Ea (qa ) τa − AaT λa

[4.17]

where q a are the generalized coordinates of the mobile base. M a is the configuration
dependent inertial matrix, ca includes all the Coriolis/centrifugal/damping term, and
Ea

is the actuation transformation matrix that maps the joint torques to the

corresponding independent

joint

coordinates.

λa

is

the Lagrange

multiplier

corresponding to the constraints.

4.2 Mobile Manipulator Kinematics and Dynamics
4.2.1 Mobile Manipulator Kinematics
Kinematic analysis, including forward kinematic and inverse kinematics, is the
essential basis for dynamitic analysis and control. Particularly, the wheeled locomotion
systems possess the nonholonomic characteristics which make the kinematic relation
deserving precautious focus and treatment. From the mechanical perspective, a
manipulator can be schematically represented as an open kinematic chain of rigid bodies
connected by means of (generally revolute or prismatic) joints. The kinematics of a robot
manipulator describes the relationship between the motion of the joints of the
manipulator and the resulting motion of the rigid bodies which from the robot. Moreover,
wheeled systems, because of the rolling contact between the wheel and ground, are
subject to nonholonomic constraints. These constraints can be represented at velocity
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level and thus becomes an essential element of kinematic analysis of a WMM of the type
shown in Figure 22.
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L1

La

d

YF

Lc1

b

θr
{F }

XF

Figure 23: Nomenclature of mobile manipulator kinematics and
dynamics
The full configuration of the base of WMM at any time can be fully described by five
generalized coordinates. These are the three variables that describe the position and
orientation of the platform and two variables that specify the angular positions for the
driving wheels.

q a = xc yc φ θR θL 



[4.18]

The full configuration vector of the WMM can thus by given by augmenting the base
configuration vector with the angles θ1 and θ2 .
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q =  x c


yc

φ θR

θL θ1 θ2 


[4.19]

The detailed derivation of homogeneous transform matrices are referred to the
Appendix. Briefly, in terms of the successive homogeneous transform matrices, the
position vectors r c1 and r c 2 are given as
r c1= xc + Lac0 + Lc 1c01 yc + Las 0 + Lc 1s 01 



T

[4.20]

r c 2= x c + Lac0 + L1c01 + Lc 2c012 yc + Las 0 + L1s 01 + Lc 2s 012 



T

[4.21]

The position vector of the end-effector r e is given as
r e = rxb + Lac0 + L1c01 + L2c012 ryb + Las 0 + L1s 01 + L2s 012 



T

[4.22]

One can now determine the velocity forward kinematics for each of the different
points of interest (for which we developed the position forward kinematics) using the
twist-based mathematics. We show the process for one case of the location of joint 1 on
the base and present the results for the rest of the cases.
We determine the body fixed twist of the frame using body fixed twist matrix and then
extract the twist vector. The velocity of joint 1 expressed in the inertial frame is given as
T

v 01 = xɺc − Las 0φɺ yɺc + Lac0φɺ 



[4.23]

Following a similar procedure, we can determine the expressions for velocities of any
point of interest. The resulting expressions are given below as
 xɺ − (L s + L s )φɺ − L s θɺ 
a 0
c 1 01
c 1 01 1 

 c
v 0c 1 = 

yɺc + (Lac0 + Lc 1c01 )φɺ + Lc 1c01θɺ1 
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[4.24]

 xɺ − (L s + L s + L s )φɺ − (L s + L s )θɺ − L s θɺ 
a 0
1 01
c 2 012
1 01
c 2 012 1
c 2 012 2 

 c
v 0c 2 = 
 [4.25]
yɺc + (Lac0 + L1c01 + Lc 2c012 )φɺ + (L1c01 + Lc 2c012 ) θɺ1 + Lc 2c012θɺ2 



v 0e =

 xɺ − (L s + L s + L s )φɺ − (L s + L s )θɺ − L s θɺ 
a 0
1 01
2 012
1 01
2 012 1
2 012 2 
 c


yɺc + (Lac0 + L1c01 + L2c012 )φɺ + (L1c01 + L2c012 ) θɺ1 + L2c012θɺ2 



[4.26]

4.2.2 Mobile Manipulator Dynamics
For the mobile manipulator system, the constraints is of the same as the mobile robot
where the set of constraints can be written in Pfaffian form in terms of the configuration
space of the mobile manipulator as
A (q ) qɺ = 0

[4.27]

− sin φ cos φ −d 0 0 0 0




where A(q ) = − cos φ − sin φ −b r 0 0 0 .


− cos φ − sin φ b 0 r 0 0



Considering the nonholonomic constraints, we can now find an appropriate annihilator
matrix that satisfies AS = 0 . The set of feasible velocities could be parameterized in
terms of a suitable vector of n − m independent velocities, zɺ = θɺr


θɺl

θɺ1 θɺ2 


qɺ = Szɺ

c (b cos φ − d sin φ) c (b cos φ + d sin φ)

c (b sin φ + d cos φ) c (b sin φ − d cos φ)



c
−c

r
1
0
where c =
and S = 
2b

0
1



0
0


0
0
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T

as

[4.28]

0 0

0 0

0 0

0 0 .

0 0

1 0

0 1


If the task space is specified by xy position of the end-effector, the Jacobian that relates
the extended joint-rates, qɺ to the task-space velocity xɺ , as:

xɺ = J q qɺ

[4.29]

1 0 −La sin φ 0 0 −L1 sin θ1 −L2 sin θ2 
.
where J q = 

L
L
L
0
1
cos
φ
0
0
cos
θ
cos
θ
a
1
1
2
2 



In terms of the velocity dependency, we can always get the modified Jacobian with
respect to the independent velocities as
xɺ = J q Szɺ = J zɺ

[4.30]

For the dynamic modeling, we make the assumption that the interaction forces
between the end-effector and the environment are considered to be pure forces (with xy
components). Furthermore, it is assumed that no moment is exerted on the end-effector.
With these assumptions, the Euler-Lagrange dynamic equation of motion (EOM) of the
constrained WMM can be described as
Mqɺɺ + V = E τm + E 2F − AT λ

[4.31]

Aqɺ = 0

where q is the full set of extended generalized coordinates, including the manipulator
configuration variables as mentioned above, M (q ) is the inertia matrix expressed in
terms of the extended coordinate set,V (q , qɺ ) denotes the Coriolis, centrifugal and gravity
forces, E is a full rank input transformation matrix, τ =  τR

the four two wheels and two arms motor inputs. F = Fx
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τ2  consists of

T

τL

τ1

Fy  consist of the Cartesian

T

forces applied at the end-effector. The E 2 matrix maps the task-space end-effector
force, F , to the joint-space. λ denotes the Lagrangian multiplier.
We can now project the constrained EOM into the feasible motion space by the matrix
S T as

S T Mqɺɺ + S TV = S T E τm + S T E 2F − S T AT λ

[4.32]

Since S lies in the null space of the constraint matrix A , the last term in the right hand
side of Equation [4.32] would vanish, thus the Lagrangian multiplier would be eliminated.
ɺ ɺ , Equation [4.32]
Also use the relationship qɺ = Szɺ and its differentiation qɺɺ = Szɺɺ + Sz

can be written in the form
Hzɺɺ + Czɺ + g = τ + τE

[4.33]

where H = S T MS is the symmetric positive-definite mass matrix, Czɺ = S T MSɺ and

g = S TV includes Coriolis, centrifugal and gravity forces, τ = S T E τm is a vector of
independent generalized actuation forces, and τ = S T E 2F is a vector of independent
generalized forces due to external forces acting on the manipulator.
To get a better insight into this system, we note that the generalized coordinate of the
WMM can be decoupled as q = qTa


qTb  , where q a as developed previously are the

T

generalized coordinates of the mobile base and q b as the generalized coordinates of the
manipulator. Then we can reformulate Equation [4.33] in a partitioned manner as
M q

 q , qɺ  E
)  a
 aa ( a ) M ab (q )  qɺɺa  V
 a(

 +
=
 M (q ) M (q ) qɺɺb  V (q , qɺ )  0
b 
bb
 ba
 
   b
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AT λ 
0   τa  E 2a 
   +   F −  a  [4.34]


Eb   τb   E2b 
 0 












Aa (qa ) qɺa = 0

[4.35]

where M aa (qa ) is the mass matrix of the mobile based, M ab (q ) is the inertia matrix
representing the dynamic effects of the motion of the manipulator on the base, M ba (q )
inertia matrix representing the dynamic effects of the motion of the base on the
manipulator and M bb (qb ) is the inertia matrix of the manipulator. Va (q , qɺ ) and
Vb (q , qɺ ) are the vectors that include Coriolis, centrifugal and gravity forces for the

mobile base and manipulators respectively.
After the observation of the partitioned form of the EOM, we notice that the matrix A
in the Pfaffian form actually come from the mobile base, so we can also define the matrix
Sa which takes the columns of S that only consists of constraints of mobile base. By the

same token, we can similarly project the constrained equations on the space of feasible
motions

by

pre-multiplying

the

partitioned

EOM

by

SaT

and

substituting qɺɺa = Sa zɺɺa + Sɺa zɺa , it is simplified to

(SaT MaaSa ) zɺɺa + SaT MaaSɺa zɺa + (SaT MabSa ) qɺɺb + SaTVa

= τa + SaT E 2a F

[4.36]

4.3 Molding of Multi-Grasp Manipulation
In cooperative manipulation literature, much research effort is devoted to the internal
force control. An internal force is a set of contact forces which result in no net force on
the payload.

51
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{Ci }
Yci

Z ci{O}

YO

XO
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ZF

ZO

Payload Coordinate

xO

{F }
YF
Absolute Coordinate

XF
Figure 24: Payload grasp nomenclature
The first motivation is because large internal forces would usually be produced in
multiple manipulator motion control, and the other reason for characterizing and
controlling internal forces is the desire to satisfy frictional constraints during multiple
manipulator manipulation. Internal forces are usually defined according to the null space
of the relationship between applied forces and their resultant, like the force distribution
work by Kumar and Waldron [7]. Kumar, Yun, Paljug and Sarkar [38] used the
characterization of grasp-force redundancy to control relative motion at the contact point,
and this redundancy is used to minimize internal forces during motion.
Consider N multiple manipulators rigidly grasp a common payload and each
manipulator applies force/moment to the object as shown in Figure 24. For convenience,
we always choose the center of mass of the payload to be the payload reference point,
and we also choose the contact coordinate frame, ci such that the z -axis of this frame
points in the direction of the inward surface normal at the point of contact [39]. The
world coordinate, payload coordinate and i th grasp coordinate are noted as {F } , {O }
and {C i } respectively. The absolute configuration of {O } with respect to the world
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coordinate {F } is given by a position vector xo and the 3 × 3 rotation matrix ORF .
The generalized velocity of {O } is expressed by a 6 × 1 vector
xo =  v T


ωT 


T

[4.37]

where v and ω are the linear and rotational velocity vector.
The payload Newton-Euler EOM can be described
M o xɺɺo + C o = Fo

[4.38]

03 
 −mo g 
, C = 

o
ω × I o ω  . mo and I o are the payload mass and inertia
I o 




moI 3
where M o = 
 03

respectively, I 3 is the 3 × 3 identity matrix and 03 is the 3 × 3 null matrix. Fo is the
resultant wrench vector by the multiple manipulator grasp. If we note the pure force
applied to the payload at the i th contact as Fi , the cascaded vector of N forces
F = F1T , ... FNT  would be mapped to the resultant wrench at the reference point by


T

the 6 × 3N grasp matrix W as
Fo = WF

[4.39]

Any component of the vector F that lies to the null space of W is the internal force.
The null space approach works well to minimize internal forces during motion, however
when the forces are regulated to a non-zero value, the resulting object deformation
depends on the basis vectors used to describe the null space. So here we would adopt the
virtual linkage model [40] proposed by Williams and Khatib, which is a physical
characterization of internal forces.
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In a cooperative manipulation scheme, the relationship between applied forces and
their resultant and internal forces can be described by
F 
 1
 Fo 
  = G  ⋮ 
F 
 
 int 
FN 
 

[4.40]

where Fo represents the resultant forces at the reference point, Fint is the internal forces
and Fi is the forces applied at the grasp point i . G is called the grasp description
matrix, and relates the forces applied at every grasp point to the resultant and internal
forces in the payload. G can be decomposed as
Gres ,1 … Gres ,N 

G = 

…
G
G
int ,N 
 int ,1


[4.41]

where Gres ,i is the contribution of Fi to the resultant forces in the payload and Gint ,i
to the internal ones.
The inverse relationship can be obtained as:
F 
 1
 Fo 
 
−1
 ⋮  = G  
 
Fint 
FN 
 

[4.42]

Similarly, the inverse of grasp description matrix,G −1 , can be written as

G −1

G
 res ,1

= ⋮


Gres ,N
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Gint ,1 

⋮ 


Gint ,N 


[4.43]

4.4 Decentralized Control of Mobile Manipulator Collectives
Before presenting the control scheme for multiple WMMs, we would like to look back
to some simpler cases, i.e. the human motor control and multi-finger hand robot control.
A multi-finger robot can be modeled as a set of robots which are physically
interconnected with the common payload by some position and velocity constraints. One
of the significant challenges of controlling such systems comes from the computational
consumption, and this problem becomes more important when the number of fingers
scales up. Although it is conceptually simple and similar to general robotic systems, this
complex system with large amounts of sensory feedback would have high computational
requirement even with the state of the art hardware. In our system, each mobile
manipulator module has four actuators (could be more for general spatial manipulator)
and mobile base has three constraints, so the order of state space model could be
substantially high even for three or four modules. Sensing the system state and computing
the control torque should be accomplished with in milliseconds, and this is impossible if
the system is modeled as a complete complex system.
This kind of difficulty of also recognized by the researchers of biomechanics, and the
human motor control mechanism is studied under this motivation. It is shown that human
uses a hierarchical control scheme for a human finger. As shown in Figure 25, the highest
level is represented as sensory and motor cortex, brainstem and cerebellar structures. The
lower level as expressed as spinal cord, a pair of fingers forms a composite system. The
lowest level is implemented by muscles and sensory organs for each finger. This
hierarchal structure shed light on the control method for multiple WMMs.
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Figure 25: Hierarchical control scheme for a human finger [39]
Coordinated motion/force control of multiple serial-chain manipulators has been well
studied and the coordinated control algorithms proposed as far can be categorized into
five types as summarized in [41]: the master-slave type of control algorithms, the hybrid
type of control algorithms, and the compliance based control algorithms, the object
dynamics based control algorithms, and the augmented dynamics based control
algorithms. Here we would adopt an algorithm similar to the object dynamics-based
control to achieve a decentralized control.
If we specify the desired trajectory of the payload as xod , then the following resultant
force

Fo = C o + Mo (xɺɺod + Kov (xɺod − xɺo ) + Kop (xod − xo ))
could guarantee the payload is controlled so as to satisfy the following equation
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[4.44]

(xɺɺod − xɺɺ) + K ov (xɺod − xɺo ) + K op (xod − xo )) = 0

[4.45]

where Kov and Kop can be tuned in a pole placement fashion.
In our system, each basic module is composed of a differentially-driven WMR with a
mounted planar two-d.o.f manipulator. The common payload is placed on the multiple
end-effectors with passive revolute joints, and the schematic diagram of two cooperative
robot modules is shown in Figure 26.
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Figure 26:Schematic diagram of two cooperative robot modules with
a common payload
Since the end-effector is connected to the payload by a revolute joint, this is a subclass
of grasp problem where the grasp forces do not have to fall in the friction constraint cone
or to be positive. From the energy consumption perspective, zero internal forces are
desirable. This mechanism implies that zero internal forces are possible to be deployed in
a payload transport scheme. With this in mind, we can determine the desired resultant
forces and internal forces, and these forces would be distributed to individual agent by
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Equation[4.42]. These distributed forces would be the desired forces for individual
NH-WMM. Every NH-WMM could use the sensed local information to achieve
decentralized control. The controller structure is shown in Figure 27.
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Figure 27: Decentralized controller of the cooperative payload transport system

Physically, when the payload geometry is known priori, the payload motion can be
sensed by individual modules with the joint sensors. So one of the special features of this
control structure is that this is a decentralized controller, which would be scalable with
increased robot agents when more agents are necessary for some very complex task.
Secondly, since for individual agent, the task/null space motion is completely decoupled
with prioritized task accomplishment, the nonholonomic motion base would not affect the
final end-effector performance, even when the task specified by the end-effector
motion/force is conflicted with the base. This special feature would guarantee that
multiple NH-WMM could always achieve good task performance while not getting
conflicted with each other.
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5 Formation Control of Mobile Manipulator Collectives
5.1 Motivation and Review
A variety of approaches have been proposed to address the problem of coordination
of multiple agents and various stability criteria and many control techniques are reported
recently. The behavior based approach by Balch and Arkin [42] defines an interaction law
between the subsystems that leads to the emergence of a collective behavior. The
leader-follower approach by Tanner [43] defines a hierarchy between the agents where
one or more leaders drive the configuration scheme generating commands, while the
followers follow the commands generated by the leaders. Here, we would review a
systematic method of motion control for nonholonomic mobile robots proposed by
Mastellone et al [44, 45]. In this framework, first, a Lyapnov-type analysis would
facilitate the derivation of feedback law that guarantees tracking of reference trajectory
and collision avoidance. Then this result is extended to the multiple nonholonomic
mobile robot case, where formation control and leaser-follower control can be addressed
within the same framework. Finally, the motion coordination problem for a group of
nonholonomic vehicles is addressed. We would extend this method to motion control of
mobile manipulators and show the collision avoidance and coordinated trajectory
tracking capability with various simulation results.

5.2 Trajectory Tracking and Collision Avoidance of WMR
The aim of this section is to find out a controller that guarantees bounded error of a
reference trajectory while avoiding collision with static objects. The special feature of
this approach is that it is not only capable of collision avoidance with static objects, but
also is able to perform robot avoidance, which is imperative characteristic in real world
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application. Much of the following derivation is modified according to [45].
Recall that the kinematics of the mobile robot can be simply expressed as:

xɺ = v cos φ
yɺ = v sin φ

[5.1]

φɺ = ω
where (x , y ) is the Cartesian position of the center of the axle of the robot, φ is the
orientation of the robot, v and ω are the linear and angular velocities of the robot. In
this method, the robot orientation φ is defined in the range of [0,2π) , and the reference
trajectory is defined as (x d , y d ) with bounded derivative. Correspondingly, the position
error and orientation error are defined as
ex = x − x d

[5.2]

ey = y − y d

[5.3]

eθ = θ − θ d

[5.4]

The coordinate of the objects to be avoided, including the regular objects and the
robots, are defined as (x o , y o ) . With these definitions, a distance function is defined as

d= (

x − xo 2
y − yo 2
) +(
)
α
β

[5.5]

where α and β are positive numbers to shape the distance function and they are usually
defined as α = β = 1 for general case.
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Figure 28:The detection region and avoidance region
The avoidance function proposed by Leitmann and Skowronski [46] as

 d 2 − R 2  2
Va = (min 0, a2
)
 da − r 2 

[5.6]

where R > 0 , r > 0 and R > r . R and r are the radii of the avoidance and detection
regions. This function blows up whenever the robot approaches the avoidance region and
would be zero whenever the robot is outside the sensing region. The detection region and
avoidance region can be seen in Figure 28 and the qualitative avoidance function can be
seen in Figure 29. To define an asymmetric shaped avoidance function, we can choose
different values for α and β .

61

Figure 29:The Avoidance function

The partial derivative of the avoidance function can be obtained as

0
if da ≥ R or da < r

∂Va
=  (R 2 − r 2 )(da2 − R 2 )(y − ya )
4
∂x
if r < da < R
(da2 − r 2 )3


[5.7]


0
if da ≥ R or da < r

∂Va
=  (R 2 − r 2 )(da2 − R 2 )(y − ya )
4
∂y
if r < da < R
(da2 − r 2 )3


[5.8]

A set of new variables are defined as
E x = ex +

∂Va
∂x

[5.9]

Ey = ey +

∂Va
∂y

[5.10]

The desired orientation is defined as
θd = a tan 2(−Ey , −E x )

[5.11]

It is worthy to note that θd defines a desired direction of motion that depends on the
reference trajectory, the robot position and the obstacle to be avoided by the robot.
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One of the main drawbacks of this definition comes from the fact that some
configurations might lead to singular directions of the robot. In order to avoid singular
cases, the following assumptions are used [44]
Assumption 1: The reference trajectory is smooth and satisfies
eθ ≠

π
2

[5.12]

This assumption on the reference trajectory implies two conditions. When the robot is
outside the detection region, we have θd = a tan 2(−ey , −ex ) . The reference trajectory has
the property of no initial sharp turns of 90o with respect to the current orientation of the
robot. When the robot is inside the detection region, we have
θd = a tan 2(−ey −

∂Va
∂Va
, −ex −
)
∂y
∂x

[5.13]

The resultant control signal of obstacle avoidance and reference trajectory might make
the robot in a singular configuration. One remedy to this problem is that when
Assumption 1 is not satisfied, the reference trajectory is perturbed with small value as
θɶd = θd + ε

[5.14]

Figure 30 shows two examples of infeasible trajectory that violates the nonholonomic
constraints. In Figure 30 (a) a mobile robot is commanded to run in the horizontal
direction, but since its current velocity is in the vertical direction, this motion is infeasible
for violating the nonholonomic constraints. The Figure 30 (b) shows a nonholonomic
agent approaching an obstacle: Dt is the direction required by the reference trajectory,
Da is the avoidance direction and Dr is the resulting direction which is not admissible

since it violates the nonholonomic constraints.
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(a)

(b)
Figure 30: Some infeasible trajectories

(c)

Figure 30 (c) illustrates the dead lock scenario where the reference trajectory and
avoidance direction just opposite and the commanded velocities are of the same.
Assumption 2. The reference trajectory remains constant inside the detection region,
i.e. xɺd = yɺd = 0 for r < da < R . This assumption is based on the consideration of the
priority of collision avoidance and trajectory tracking. When the robot detects an obstacle
in its path, the desired reference velocity would become zero immediately and freeze the
reference to the last data received. Once the robot gets out of the collision region, the
reference would update to new ones.
Assumption 3. Let θɺ̂d be an estimate of some measurement error of

E Eɺ − Eɺ x Ey
θɺd = x y2
E x + Ey2

[5.15]

We can define D = Ex2 + Ey2 , and it is assumed that θˆɺd − θɺd < εθ .

When the object to be avoided is static, the control law to achieve reference trajectory
tracking is proposed in [44] as
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ω = −K θeθ + θɺ̂d

[5.16]

v = −K cos eθD

This developed theorem can be extended to include multiple obstacles by defining
avoidance functions for each obstacle and appending them to the total Lyapunov-like
function. The total avoidance and detection regions are defined as the union of
avoidance and detection regions of all of the obstacles.
To demonstrate the effectiveness of the controller, we first run the simulation of a
mobile robot, and initial condition of the mobile robot is
x 0 = 0; y 0 = 0; θ0 =

π
3

The robot is required to track a circular trajectory

π
t );
30
π
yr = 6 + 6 sin( t );
30
x r = 6 + 6 cos(

The tracking result is shown in Figure 31 with some initial snapshots of the robot
motion. The controller can effectively compensate the initial error and enforce the robot
to the reference trajectory. It is worth noting that these snapshots are taken with the
same sampling time and it is easy to see that the initial driving velocity is pretty high
and would jump from the initial position to the desired trajectory in high speed.
Sometimes this is impossible to be achieved in the mobile robot hardware, and we can
set some actuator velocity limit in the simulation for the emulation of practical case.
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Figure 31: Snapshot of mobile robot trajectory tracking
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Figure 32: Snapshot of mobile robot collision avoidance
In a second simulation, an obstacle is placed at the position (5,10) , and the detection
radius is 4 and the avoidance radius is 2. A series of snapshot of the mobile robot motion
is shown in Figure 32. When the mobile robot falls into the detection region, it would
prioritize the collision avoidance task and maneuvers away from the obstacle potential
field. After getting away from the obstacle, the robot would resume the trajectory
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tracking task.

5.3 Cooperative Collision Avoidance of WMR
Two of the most important features of the controller described here is that first the
obstacle is not constrained to be static obstacle, i.e. it can perform collision avoidance in
a dynamic sense. So the obstacle can be general static or dynamic or the others robots in
the neighbor. This feature is imperative in the practical scenarios for robot operation
safety. The second feature is that this controller is performed in a decentralized manner
and scales well with the number of robots.
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Figure 33: Two mobile robot perform collision avoidance
Figure 33 depicts a scenario that two robots are required to track circular trajectories
respectively

π
π
t + π); yr 1 = 5 + 5 sin( t + π) + 10;
30
30
π
π
= 15 + 5 cos( t ); yr 2 = 5 + 5 sin( t ) + 10;
30
30

x r 1 = 5 + 5 cos(
xr 2

The screenshots show the trajectory tracking results and the actual trajectory is also
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imposed on the graph to show a continuous result. When the distance of the two robots
is far enough and they can track the trajectory perfectly, but when they approach each
other and a collision repulsion force is generated by the controller to separate the two
robots.

5.4 Formation Control of WMR
With the developed kinematic controller, now we come to resolve the formation
control problem. When a desired formation and a desired trajectory of the center of mass
of the formation are prescribed, the mobile robots are required to converge to the
formation and to follow the desired trajectory while maintaining the stability of the
formation.

Figure 34: Notation for formation structure
As seen in Figure 34, when we specify the desired trajectory of the center of mass, then
the desired motion of other robots can be determined with the geometric relation
correspondingly. Consequently, we can find out the desired motion for each mobile
agent. At this stage, we can continue using the previously developed control algorithm
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to achieve formation control in a decentralized manner.
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Figure 35: Two robot formation control
In the simulation shown in Figure 35, we use the leader instead of the center of mass
as reference point. The objective is to first achieve a straight line formation, and then the
robots would keep this formation structure to make some straight line movement. Note
that the leader follower control problem is a special case of the formation control
problem.
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6 Simulation Results
6.1 Cooperative Payload Transport Simulation
In the first stage, we would employ SimMechanics and SIMULINK to rapidly create,
evaluate and refine parametric models of the overall system and test various algorithms
within a simulation environment. A simplified solid model of the mobile platforms and
the manipulators of interest is created in SolidWorks, and exported with the
corresponding geometric and material properties into SimMechanics. Figure 36 shows
the dynamic model of one WMM module with payload (for space limit, the other
module is not shown here).

Figure 36: SimMechanics model of WMM and payload

Theoretically, from the energy consumption perspective, zero internal forces are
desirable. This mechanism also implies that zero internal forces are possible to be
deployed in a payload transport scheme. But practically, we still would expect to use
some nonzero internal forces to guarantee the payload in some controlled equilibrium
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mode. With this in mind, we can determine the desired resultant forces and internal
forces, and these forces would be distributed to individual agent. These distributed
forces would be the desired forces for individual NH-WMM. Each NH-WMM could use
the sensed local information to achieve decentralized control. The controller structure is
shown in Figure 37.

xd ,1
f d ,1
Xd
F force ,d
Fint ,d

Payload
Force/Motion
Controller

F force
Fint

Grasp
decomposition
matrix

motion/force
controller

xd ,n
f d ,n

motion/force
controller

τ1

τn

Robot 1

Robot n

x1
f s ,1

xn
f s ,n

Figure 37: Overall simulation routine implementing decentralized control of
the cooperative payload transport system
The controller is implemented in SIMULINK and the payload model and the
NH-WMM model is build with SimMechanics. The nonholonomic model in
SimMechanics is set up with the in-build velocity constraint block as shown in Figure
38 (a) and the overall simulation architecture is shown in Figure 38 (b).

(a)
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(b)
Figure 38: SimMechanics model :(a) a nonholonomic wheel; (b)
the simulation architecture in SIMULINK
All the parameters of the mobile manipulator are shown in Table 1.
Table 1: Mobile Manipulator Parameters
Parameters
Values
Mass of the wheel
0.159
Mass of mobile base
17.25
Mass of Link 1
2.56
Mass of Link 2
1.07
Moment of inertia of the wheels about its
2.00× 1
center of mass (CM)
0-4
Moment of inertia of mobile base about its
0.297
CM
Moment of inertia of Link 1 about its CM
0.148
Moment of inertia of Link 2 about its CM
0.0228
Radii of the wheels
0.0508
Distance from the center of the wheel axle to
0.116
the CM of the mobile base
Distance from CM of the mobile base to the
0.100
point Pa
Length of Link 1
0.514
Length of Link 2
0.362
Payload length
0.4

Units
kg
kg
kg
kg
kg-m2
kg-m2
kg-m2
kg-m2
m
m
m
m
m
m

6.1.1 Case Study I: Without Uncertainty
We test the null-space controller with dynamic path-following along with the
end-effector impedance-mode controller. Figure 39 shows the results from testing
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performed with a primary controller implementing a task-space impedance-mode for the
end-effector and a secondary dynamic path-following controller for the WMR base.
Here, the payload is 2kg and is commanded to tracking a sinusoid curve
with r d =  0.5 + 0.1t


0.25 sin(0.2πt ) .

T

0.3

0.05
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position error in Y

0
-0.05

0.1

-0.1
Y (m)

error(m)

0

-0.1

-0.15
-0.2

-0.2
-0.25
-0.3

-0.3

-0.4
0.5

1

1.5
X (m)

2

-0.35

2.5

0

2

4

6

8

(a)

10
time (s)

12

14

16

18

20

(b)

Figure 39: Payload motion profile. (a) Desired and actual trajectory of payload, (b)
tracking error in X and Y.
To facilitate the motion planning, we specify a priori designed end-effector trajectory
and mobile platform for the individual robot. If we note the length of the payload as l ,
the desired end-effector trajectory and motion base trajectory for the first NH-WMM are

l
d
rEE
0.25 sin(0.2πt ) + 
1 =  0.5 + 0.1t

2 
T

l
d
rbase
=
0.1
t
0.3
+


1

2 

T

And the desired end-effector trajectory for the second NH-WMM is:
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d
EE 2

r


=  0.5 + 0.1t


l
0.25 sin(0.2πt ) − 
2 

T


l
=  0.1t −0.3 − 
2 


T

d
base 2

r

Since we only care about the translational motion of the payload, these two
end-effector trajectories are kinematically consistent. It is necessary to note that since
the grasp description matrix incorporates the resultant moment term, the payload
rotational position can also be achieved in a similar manner.
Figure 39 (a) is the tracking performance of the payload in Cartesian space. Figure 39
(b) shows the tracking error in Cartesian space with respect to time. The payload is
enforced to track the desired trajectory with the motion controller and initial deviation
would decrease within 2 seconds. The controller is capable of correcting the initial error
and enforcing good tracking profiles.
Figure 40 shows the tracking performance of individual agent. Figure 40 (a) shows the
end-effector and base tracking results for robot 1. And the same performance for robot 2
is shown in Figure 40 (b). All the trajectories are converged to the desired position
within 4 seconds. But we also note that since the end-effector is asked to maintain some
desired forces, this would result in some minor position error in the task space.
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Figure 40: The mobile platform tracking a line and end-effector tracking a sinusoid
curve. (a) base and end-effector tracking results for robot1, (b) base and end-effector
tracking results for robot2, (c) Internal force
Figure 40 (c) is the internal force profile of the grasped payload. We can see that after
some initial oscillation, the internal force is regulated to the value around the desired
ones.

6.1.2 Case Study II: With Mass Uncertainty
In a practical robot working scenario, the parameters of robotic system or working
environment are always varying. In this case study, we consider the payload mass
uncertainty (which is frequently encountered in real world application) in order to study
the robustness and sensitivity of the controller to uncertainty.
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Figure 41. Payload motion profile with mass uncertainty. (a) Desired and actual trajectory
of payload, (b) tracking error in x and y.
In this case study, we underestimate the payload mass to be 1.5kg (recall that the
actual payload is 2kg). Figure 41 (a) shows the tracking performance of the payload in
Cartesian space. Figure 41 (b) shows the time history of Cartesian tracking error. While
reflecting the degeneration in performance, due to poor estimation of the mass, the
results remain nevertheless bounded.
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Figure 42. The mobile platform tracking a line and end-effector tracking a sinusoid
curve with mass uncertainty. (a) base tracking error for robot1, (b) end-effector
tracking error for robot1, (c) Internal force
Correspondingly, Figure 42 shows the tracking performance of individual agent with
mass uncertainty. Figure 42 (a) and Figure 42 (b) show the end-effector and base
tracking results for robot 1 and 2. Figure 42 (c) is the profile of the internal force in the
grasped payload, wherein larger oscillation can be observed.

6.2 Formation Control Simulation
6.2.1 Case Study I: Mobile Base Tracking and End-Effector Perform
Different Tracking
The simulation in this section would focus on the motion control of WMM, and the
formation control results would be presented particularly.
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Figure 43: (a) WMM performs collision avoidance with end-effector tracking
straight line and mobile base tracking straight line; (b) WMM performs collision
avoidance with end-effector tracking sinusoid and mobile base tracking straight
line
In the first simulation as shown in Figure 43 (a), the WMM is required to track a
straight line with the end-effector while the mobile base is required to track a straight
line simultaneously. The obstacle is located at the position (0.5, 2.35) , the detection
region and avoidance radii are 1 and 0.5 respectively which are represented in the figure
with filled color. The tracking results are shown in the same figure, and it is clear that
the WMM can maneuver to avoid the obstacle and when it is outside of the detection
region, it regains the tracking ability. Similar scenario is also shown in Figure 43 (b),
where the end-effector is required to track a sinusoid line. Collision avoidance is
performed pretty well, but with this kinematic controller, the base tracking results is
scarified to maintain a good end-effector tracking.

6.2.2 Case Study II: WMMs Formation Control
The formation control technique can also be extended to WMM formation control. The
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motivation is that for each WMM module, the end-effector and mobile base four
variables are to be controlled, but in practical the mobile bases would have collision
with each other. In the simulation, the two WMMs are required to track a straight line
(mobile base and end-effector) from different initial condition.
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Figure 44: (a) WMMs formation result; (b) control torque of WMM 1; (c) control
torque of WMM 2
The tracking result and the control torque profiles are shown in Figure 44.
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7 Force Control Experiment
7.1 ATI Force Sensor Overview
The Network Force/Torque (Net F/T) sensor system is a six-axis force and torque
sensor that simultaneously measures three-axis forces and three-axis torques. The Net F/T
system provides DeviceNetTM, EtherNet/IPTM, a basic CAN, and Ethernet communication
interfaces. The transducer is a compact, rugged, monolithic structure that converts force
and torque into analog strain gauge signals for the F/T Controller.

It comes fully

calibrated for SI units of Newtons and Newton-meters. The Net F/T System supports the
following features [47].

7.1.1 Multiple Calibrations
The Net F/T sensor can hold up to 16 different calibrations, each with a different
sensing range. The different calibrations are created with different load scenarios during
the calibration process at the factory and stored permanently in nonvolatile memory on
the Net F/T sensor. Multiple calibrations permit to use a larger calibration for coarse
adjustments and smaller calibrations for fine adjustments, or to use the same sensor in
two or more very different loading regimes. The calibration information is accessible as
read-only information on the integrated web server.

7.1.2 Multiple Configurations
The Net F/T sensor allows up to 16 different user configurations. Each configuration
is linked to a particular calibration, and has its own tool transformation. Configurations
are set up on the user configurations page of the integrated web server.
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7.1.3 Force and Torque Values
The Net F/T sensor outputs engineering units, or “counts”, for each force and torque
axis. The number of counts-per-unit force and torque is specified by the calibration. If the
user wants to use different force and torque units (i.e.; the sensor is originally calibrated
to use pounds and pound-inches, but the user would like to use Newtons and
Newton-meters), the user can change the output units on the user configuration page on
the integrated web server and see what the counts-per-unit are for the desired units.

7.1.4 Tool Transformations
The Net F/T sensor is capable of measuring the forces and torques acting at a point
other than the origin of the sensor by changing the frame of reference. This change of
reference is called a “tool transformation”. The user can specify tool transformations for
each configuration of the sensor on the configurations page of the integrated web server.

7.1.5 Power Supply
The Net F/T system accepts power through PoE (Power-over-Ethernet) or from a
DC power source with an output voltage between 11V and 24V.

7.2 ATI Force Sensor System Architecture
7.2.1 Force/Torque Transducer Working Mechanism
The complete ATI F/T sensors system includes two parts: the force/torque transducer
and transducer control box.
The most basic concept of the force sensor is based on Newton’s third law and the
transducer reacts to applied forces and torques. In terms of Hooke’s law, the transducer
can be considered as a linear spring which transforms the force signal into mechanical
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deformation.

Figure 45: ATI F/T sensor
To decrease the hysteresis and increases the strength and repeatability of the
structure, the transducer is monolithic structure. The beams are machined from a solid
piece of metal. Semiconductor strain gauges are attached to the beams and are considered
strain-sensitive resistors.

7.2.2 System Connection
The two are connected with a Controller Area Network (CAN) bus connector for
high speed data transmission. All power and data calibration is handled by the control
box.

Also, the control box supports an integrated web server which displays output

units and calibration factors about the sensor. The transducer is a compact, rugged,
monolithic structure that converts force and torque into analog strain gauge signals for
the F/T Controller. The main components of the Net F/T system are displayed in Figure
45.
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Figure 46: Net F/T System Components
The Net Analog Board converts the strain gage signals into digital data. It also stores
the calibration data. The F/T sensor is commonly used as a wrist sensor mounted between
a robot and a robot end-effector. Figure 46 shows a basic block diagram of the Net F/T
System.

Figure 47: Net F/T System Block Diagram
The box has two main data interfaces: a Power over Ethernet (PoE) port running a
UDP protocol and a DeviceNet high speed CAN interface.

Our procedure will outline

the setup and testing of a UDP based real time device interface using MATLAB
SIMULINK.
The physical connection procedure is as following: connect the PoE switch to its
external AC power supply; connect the AC power supply to the AC mains; the “PWR”
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LED should turn on and glow green; connect the PoE switch to the Ethernet network and
connect the Net Box via RJ45 cable to one of the PoE ports as shown in .

Figure 48: Force sensor network connection

7.2.3 Hardware Setup
The entire data logging system is composed of four main parts: a host development
computer, a PC104 embedded computer, a power over Ethernet (PoE) switch and the ATI
F/T sensor system.

To develop and compile the MATLAB code a host computer with

RealTime Workshop is needed.

Compiled code is routed through the PoE switch and

downloaded to the target computer via an Ethernet connection. The xPC PC104 target
remotely also uses the PoE switch to interface with the F/T sensor. Commands are sent to
the control box while force and torque data is transmitted back to the target computer.
The control box is powered entirely over the PoE connection.
diagram is illustrated in Figure 49.
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Figure 49: System setup with PC104

7.3 MATLAB Interface Setup
The Net F/T Sensor can output data at up to 7000 Hz over Ethernet using UDP. This
method of fast data collection is called Raw Data Transfer (RDT). Our MATLAB code
controls the interface between the xPC TargetTM system and the ATI transducer control
box.

The specific communication protocol and message structure used to control and

receive data from the ATI command box will be discussed in this section.

7.3.1 Communication Protocol
The F/T sensor provides several modes of RDT output and two commands to bias
and unbias the sensor as shown in Table 2.
Table 2: Net F/T Modes
Mode
1
2
3

Description
Non real-time output
High speed real-time output
High-speed buffered output

4

Multi-unit synchronization
(Not yet implemented)

Speed
Slow (limit to ~333Hz )
Fast (up to 8000Hz)
Fast (up to 8000Hz), but
comes in bursts
(buffered)
Slow (depending on the
number of sensors
involved)

Situation Best Suited To
Non-real time situations
Real-time response application
Collecting data at high speed,
but not responding in real-time
Multi-unit synchronization

As previously stated the ATI command box needs a unique command structure to
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setup the sensor interface.

To start the Net F/T outputting RDT messages, it is necessary

to first send an RDT request. The Net F/T listens for RDT requests on UDP port 49152. It
also sends the RDT output messages from this port. The message has three parts with a
total length of 8 bytes (64 bits).

All sensor commands must follow the following

structure to be properly understood.
Header16 + Mode16 + SampleCount32

[7.1]

where the subscripts denote number of bits.
The header is a unique binary sequence identifying the message beginning.
have a value of 0x1234 in hexadecimal (or 4660 in decimal).
bits) specify the feedback mode.

It must

The next two bytes (16

The sensors comes factory ready with several

feedback modes varying from one shot operation to high speed real time data streaming.
The final 4 bytes (32 bits) represent the total number of data samples to be sent
back to the target computer in response to this command message.
this field is translated as infinity.

Using a zero value in

After issuing a “non-halt” command with

SampleCount equal to zero, samples will continually be sent at the desired interval.

To stop this looping process a “halt” command (Mode 0) should be issued to the control
box.
Data samples being sent out of the control box also follow a predefined data
structure.

Received data packets are 36 bytes long (288 bits) with the following

structure.
RDT32 + FT32 + Status 32 + Fx 32Fy 32Fz 32 + Tx 32Ty 32Tz 32

The RDT is a number representing the current record index.
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[7.2]

This number should

span 1 to SampleCount and is useful for detecting if data is ever lost in transit.

The

FT represents the internal count of the total number of samples transmitted since the

box was powered up.

This number is unaffected by the “halt” command and will only

reset when power is lost to the unit.

The Status word is a sequence of bit

corresponding to the health and overall state of the sensor. Finally, the Fx 32Fy 32Fz 32
and Tx 32Ty 32Tz 32 words all represent the orthogonal forces and torques being applied to
the transducer.

Fx , Fy and Fz are the Cartesian forces andTx , Ty and Tz are the

Cartesian torques.
(engineering units).

All values are represented in counts per desired unit of force
The output units can be found on the integrated web server

maintained by the control box.

7.3.2 UDP Interface
The ATI control box uses a User Datagram Protocol (UDP) to transmit messages
to and from the target computer.

UDP unlike TCP/IP is ideally suited for real time

communication because of its lacks the redundancy and error checking of TCP/IP.

This

compromise provides potentially faster maximum data rates but makes packets more
prone to errors.
To properly communicate, the following settings must be used for the target
computer and control box.

7.3.3 MATLAB Program Implementation
To program the target computer, a MATLAB SIMULINK framework was used.
SIMULINK was used to create the message construction, UDP interface and data logging.
The RealTime Workshop Toolbox was created the xPC compatible C code for the xPC
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real-time kernel.

The newly created code was downloaded to the target computer from

the host machine via a TCP/IP Ethernet interface.

The constructed code can be broken

up into two sections; message transmission and data logging.
The message transmission section creates the commands messages required to
control the sensor.

These messages tell the control box to transmit records in the

real-time mode at once every time instant of the real-time target.

The byte message in

hexadecimal format is included bellow.

12 3416 00 0216 00 00 00 0132

[7.3]

Equation [7.3] represents the message transmission portion of the MATLAB code.
The byte order is between the target computer and transducer control box computer.

To

maintain byte-wise consistency the byte order of each message word had to be reversed.
Conveniently, MATLAB provides a byte reversal command box which handles this
process.

The next block takes the byte messages and combines them into a single UDP

byte stream or packet for proper transmission.

The final block transmits the packet to

the transducer control box over the UDP link.

This block should contain all of the UDP

information specified in Table 3.
Table 3: UDP Port Settings
Parameter
Sensor IP

Value
192.168.1.250

Sensor IP Port

49152

Computer IP Port

22111

Output port width
(number of bytes)

36

Description
Hard coded IP port of the sensors. This value can
be changed from the integrated web server.
Hard coded IP port used for receiving data at the
transducer box.
A user selectable IP port used for receiving data on
the target computer side.
The total number of bytes transmitted to the target
computer incoming record.

Figure 50 is the block diagram representing the data logging code.
contains the same information outlined in Table 3.
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The first block

The MATLAB unpack block takes

the UDP packet and breaks it up into the predefined data structure. Once the data is
properly parsed, it must be byte reversed so MATLAB can properly interpret the
information.

Figure 50: F/T system SIMULINK command blocks
Finally, the force and torque data is divided by there corresponding counts per unit
value.

For force, 80 counts represent one calibrated unit of force.

160 counts represent

one calibrated unit of torque. Again it is important to stress that all units are specified on
the ATI integrated web server. The resulting forces and torques can now but logged on a
host computer or plotting using a MATLAB scope.
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Figure 51: F/T system data reception and display blocks.

7.4 End-effector Design
Since the force transducer contains considerable mass, and it is imperative to design
a delicate end-effector to fix it to the main body of the mobile manipulator. The designed
manipulator arm with mounted force sensor is shown in Figure 52.
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Figure 52: View of manipulator arm with force sensor
For a detailed mechanical design, Figure 53 shows an exploded view of the force
sensor system with notations. It is important to ensure sufficient clearances between the
mounted transducer and other fixtures and that total stack height is acceptable. Also make
sure that the user could have access to the mounting screws for attaching the transducer.
The mounting adapter plate is machined for attaching to the robot. All user-supplied
screws must be flush with the inside of the mounting adapter to ensure proper clearance
for the electronics inside the transducer.
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Transducer

Mounting Adapter

Mounting Plate
Delrin Tip

Bolt

Figure 53: Exploded view of force sensor with notation
The other side of the transducer also provides screw slots to mount an end-effector
for manipulation task. In our design, we machined a mounting plate with delrin tip which
would provide compliant contact with the environment to enhance contact stability. The
overall WMM with mounted force sensor is shown in Figure 54
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Figure 54: WMM with mounted force sensor

7.5 Force Control Simulation
The force control scenario is shown in Figure 56 where a two link manipulator is
regulated to get in contact with a vertical wall. In the simulation test, we would adopt a
hybrid impedance control technique and verify it in the two link manipulator arm. The
task space impedance controller has the following form
u = xɺɺd + kv eɺ + k p e + k f (F d − F E )

[7.4]

To increase the stability, we add some damping term in the task space and get the
new controller with the form
u = xɺɺd + kv eɺ + k p e + k f (F d − F E ) − kv xɺ
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Figure 55: Two link manipulator in contact with vertical wall
The overall control scheme is implemented in MATLAB SIMULINK using
RealTime xPC TargetTM as shown in Figure 56.

Figure 56: Diagram of xPC Target
The simulation result for the contact force profile is shown in Figure 57.
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Figure 57: Force profile under HIC regulation

7.6 Force Sensor and Motor Calibration
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Figure 58: Force reading with 0-5 weights
By varying the number of weights from 0 to 5, we test the static reading of the force
sensor in the –Z direction, as shown in Figure 58. With this static calibration, we can
calibrate the force sensor and find out the software calibration setting.
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Motor Voltage Servo Current
Motor
Controller
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Figure 59: Schematic of motor control implementation
With this preparation, we can have a look at the robot hardware implementation.
Since the computed torque would be transformed into bit values which are used are the
direct control signal for the motor controller. It is imperative to find out the mapping from
the computed torque to the real bit-torque value. We consider all the system in the dash
line box as a black box and we can test the output force with different bit value.

(a)
(b)
Figure 60 : Robot configuration of motor calibration
Our test is performed in the WMM system with the two link part as the test platform.
With the different configuration of the robot arm as shown in Figure 60, we can find out
the bit-torque mapping for motor 1 and motor 2. The calibrated results are illustrated in
Figure 61 (a) and (b).
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motor 2 fit line y=-0.0271x+3.3803

motor 1 fit line y=-0.0280x+3.4840
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Figure 61: (a) Calibration of motor 1; (b)Calibration of motor 2
With the calibrated sensor and motor torque, we perform the control routine in the
hardware system and the force control profile is shown in Figure 62. We can see that
there is some force burst in the beginning and there is some noisy signal in the control
process. One important problem is the steady state error.
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Figure 62: Experiment force data
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8 Conclusion and Future Work
8.1 Summary
In Chapter 1, we reviewed some related works on mobile manipulator collectives,
from the multiple agent robots, multiple finger hand and multiple legged robots. We
analyzed the related issues in the cooperative control systems.
Chapter 2 discussed a variety of preliminary knowledge on modeling and control of
constrained mechanical systems. Some detailed background theory includes operational
space dynamics and control, constrained Lagrange dynamics.
Chapter 3 is about the force control review, and because the focus of this thesis is on
force control of manipulators, we will introduce and categorize some popular force
control schemes developed since three decades ago in. We will also highlight the benefits
and limitations of some approaches and show some empirical and visionary perspective
basing on the existing experiment results and some related literature.
Chapter 4 focuses on the modeling and control of WMMs. We begin by investigating
the kinematic and dynamic model of WMR, and then the similar analysis would be
performed in the WMM system with a focus on task space consistent dynamic control
method. As a main body of this thesis, the multiple grasp modeling would be investigated
therein and the decentralized control of WMM collectives would be presented in this
chapter.
Chapter 5 investigates the formation control of a group of WMMs. The mobile robot
formation problem is investigated first for a basic study, and this problem is split into
trajectory tracking and static obstacle avoidance, formation control and cooperative
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obstacle avoidance. All of these results are generalized to mobile manipulator cases.
Chapter 6 presents simulation results for various interesting cases studies using the
dynamic equation formulated in Chapter 3. In particular, the first two case studies were
performed for the dynamic payload transport scenario. The subsequent two cases were
targeted at mobile manipulator collective formation control.
Chapter 7 introduces the experimental setup and verification procedure. A force
sensor calibration and manipulator torque calibration method is proposed therein.

8.2 Future Work
Force Control Algorithm
One of the difficult issues met in the experiment is that the system is quite sensitive
to control parameters. One remedy is to perform delicate system identification, but it is
necessary to note that some dynamic effects like the Coulomb friction is difficult or
impossible to be identified, and even these models are perfected obtained, a stable
controller is still an important problem to be solved.
Force Signal Processing
In our implementation, the sensed signal is filtered through a first order low pass
filter, but in fact, the sensed data also contains the sensors acceleration, environment
disturbance and some noise. Some researchers have begun to study these problems and
have proposed some algorithms. The application of these algorithms into WMM is still
rare.
Force Control Implementation on WMM
Since the system modeling problem, our system is still too sensitive to control
parameter, so the force control implementation on WMM still needs further investigation.
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Appendix
Mechanical Design
This section includes the mechanical drawings for all the parts needed to construct
the physical prototype. The solid models and drawings were created using Solid Works
Educational Edition 2006.
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